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Abstract 

This work is an answer to a problem posed by N. Kurokawa and H. Ochiai concerning the 
natural boundary of meromorphy of a multivariate Euler product of Igusa type. More generally, 
we introduce and determine the maximal domain of meromorphy of a class of multivariate pseudo- 
uniform Euler products. 
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1 Introduction. 

The aim of this work is to study the domain of meromorphy of some pseudo-uniform Euler 
products of many variables of the form: (si, . . . ,s„) i — ► EJ h(p~ si , . . . , p~ Sn ,p~ c ), where 

p prime 

h(Xi,. ..,!„, X n+1 ) 6 Z[Xi, ...,X n , X„+i] and c G Z \ {0]Q. 

When n = 1, the following conjectures formulated by Z. Rudnick and M. du Sautoy (see for 
example [5], 1.4 ; [S], 1.11) predicts the maximal domain of meromorphy of products of the form 
Z (s) = Ftp prim e h{p- s ,p) , where h (Xt,X 2 ) e Z[X u X a ]. 
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^^Here "pseudo-uniform" means that the coefficients of h do not depend on p, but the expression h(p~ si , . . . , p~ Sn , p~ c ) 
depends both on p~ Si (i = 1, . . . , n) and on p. 



Conjecture 1. Z (s) — Yl p prime ^ {p~ S > P) can De nieromorphically continued to the whole 
complex plane if and only if there exist cyclotomic polynomials Qi(U) (i = l,...,m) (mean- 
ing divisors of (1 — U mi ) n ' for a certain m and a certain mi) and integers m,Vi such that: 
h(X 1 ,X 2 ) = 9i (X? K 1 ) • ■ • 9m (X?"> X^ ) . 

Conjecture 2. Let h(X 1 ,X 2 ) = 1 + ELi( a « + CLaXj +■■■ + a lnz X^)X l 2 £ Z[Xi,X 2 ] which 
is not a finite product of cyclotomic polynomials as in Conjecture [1] and suppose that all cy- 
clotomic factors of h(Xi,X2) have been removed. Let f3 — maxjy : i £ {1, . . . , r}}. Then 
Z ( s ) = lip p r i mc h {p~ s ,p) admits 5R(s) = /3 as natural boundary of meromorphy; meaning that 
Z(s) can be meromorphically continued to {s £ C : 5R(s) > /?} but there does not exist any 
meromorphic continuation beyond the line 5R(s) = /3. 

Eighty years ago, Theodor Estermann ([10]) determined completely the exact domain of mero- 
morphy of the uniform Euler products of one variable Yl p h(p~ s ) (h(X) £ Z[X]): if h is a finite 
product of cyclotomic polynomials then the corresponding product has a meromorphic continua- 
tion to whole C whereas if h is not then the line 5R(s) = is a natural boundary of meromorphy. 

Many years later, some results, obtained by Bhowmik, Essouabri and Lichtin in [2] then com- 
pleted by the author in [6], have generalized Estermann's theorem to uniform Euler product of 
many variables. 

In this paper, we are interested in a multivariate analogue of the class of products considered 
in Conjecture [1] and [2] and we consider the maximal domain of meromorphy of a pseudo-uniform 
Euler product of the following form: 

Z{s x ,...,s n ) = Yl h (f -81 . • ■ • >P~ S ">P~ C ) : = Z n+l {si, . . . ,s n ,c), 

p prime 

where n > 1, c £ Z \ {0} is a fixed nonzero integer and h(Xi, . . . ,X n +i) £ Z[Xi, . . . ,X n +i] is a 
polynomial with integral coefficients of constant coefficient equal to 1. 

What has mainly motivated this study is the resolution of a problem posed by N. Kurokawa 
and H. Ochiai (see [17] page 12). 

If A is a ring, the multivariate global Igusa zeta function is defined as follows (for n > 1): 

Z™e( Sl ,...,s n ;A):= £ 

mi , . . . ,m n > 1 

By the Chinese remainder theorem, we know that this zeta function can be expressed as an 
Euler product: 

Z ling ( Sl , . . . ,s n ; A) = U Z p ins ( Sl , ...,s n ;A) 
v 

where 

Z™ s ( Sl ,...,s n ;A)= Yl 

fel,...,fe n >0 

In particular the problem posed in [17] page 12 consists in establishing the maximal domain of 
meromorphy of 

z^( S1 ,..., Sn ;nT,T-^= £ ^•-• m 3 : ) , 

mi ,m n > 1 

where ip designates the classical Euler function. 

As it is pointed out in [17] (page 12), the analytic behavior of this product is complicated; 
nevertheless we manage to determine here its domain of meromorphy by taking full advantage of 
methods which have been developped in [6] to describe the maximal domain of meromorphy of 
multivariable uniform Euler products of the form J"J h(p~ si , . . . ,p _s "). 
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Notation: 

In what follows we will use these notations: 
For r > 1 and n > 1 we write: 

r 
3=1 

with a.j = (a ( „ )3 ,a„ + ij) = (ai,j, a„,j,a n +i,j) G N n+1 \{0} for j e {1, . . . ,r} and aj G Z. 
We put a. := (a£,j)(f n+i}x{i r} e M n+ i, r (N) the matrix encoding the exponents of 

h. 

For i G {1, . . . ,n + 1}, the ^-th row of this matrix will be written on. = (ae,i, ■ • ■ , ott,r)- 

For j G {l,...,r}, the j-th column of a will be written a.j = %oti t j, . . . , a n ,j, On+ij) = 

*('a(„)j, a n +i,j), where *ct(n)j = ( Q i,j> • • • > a j,n) denotes the first n components of the vector a.j. 

By setting, for j G {1, . . . , r}, X ^ — • • • j , we obtain: 



A(X) = /i(Xi,...,X n+1 ) = l + ^a.X 



3=1 
r 

= i + ^a J (x 1 ...x n ) a ("»x:;+ 1 ' J . 

3=1 

For m = (mi, . . . , m r ) G N r , we put ||m|| = Y^j=i m i- 

For s G C n+ , s = (s( n ), s n +i) = (si, s„+i) and for £ £ {1, n + 1} we write: 
at = 3? (si) ; r£ = (s«) ; 

<T = 5R(s) = (<T( n ),(T„ + l) = (<Ti,...,ff n+ i); 

t = Ss(s) = (t(„),t„+i) = (ri, . . . ,r„+i) . 

Finally we recall for v = (ui, . . . , i/ m ) and w — \wi, . . . , w m ) the classical matrix product 
between v and id: 



i=l 

We must underline the natural appearing of a supplementary hypothesis which permits to 
distinguish Conjectures Q] and [5] from their multivariate analogues since a priori these multivariate 
analogues contain the conjectures themselves. 

So from now on we will suppose that 

Rank (a ( „ b ,j G {l,...,r}) > 1. (1) 
Indeed, if this hypothesis is not satisfied, we would have the existence of e such that for all j G 

{1, . . . , r}, a (nW = ©a (n) . (© G Q); which would give fc(X) = 1+E^i «3 ((^i ■ ■ ■ ^n) a <")^ ) 9j X^+^ . 

And we would be led to study a one variable product of the form J"J h(p~ s ,p~ c ). 

The aim of this work is to establish the maximal domain of meromorphy of products Yl p h(p~ si , . . . ,p 

(n > 1) which cannot be reduced to a one variable product. 

We also suppose that for all j G {1, . . . , r}, oc( n )j — (ai.j, ■ ■ ■ , a„j) 7^ 0. 

Remark 1. We must notice that, contrary to the one variable case, the multivariate case permits 
to take full advantage of methods developped in ,6J. These methods consist in considering the 
product in a suitable direction in a neighbourhood of a point of the supposed natural boundary. 
The multivariate framework allows to move a point lying on the boundary if necessary and thus 
it is possible to restrict our attention to "good" points (i.e. points for which we are able to prove 
that no meromorphic continuation is possible beyond) provided that (and it is crucial) these points 
are generic points (see Definition [5] and Remark [3]) on the boundary. 
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Definition 1. We will say that h (Xi, . . . , X n +i) is cyclotomic if there exists a finite subset I of 

N n+1 \{0} such that we have h (Xi, . . . , X n+ i) = rU=(A 1 ,...,A„)ei ( X ~ X ^ " ' ^™" +1 ) 7 A> > where 
the 7 (A) for AG/ are positive or negative integers. 

If h is cyclotomic, it is easy to see that the corresponding Euler product is a finite product of 
classical Riemann zeta function; and consequently it can be meromorphically continued to whole 

c n . 

So from now on, we will suppose that h is not cyclotomic and does not contain any 
cyclotomic factor. 

Definition 2. For all 5 > write W(<5) = {s£ C n+1 : <x • a.j > 5,Vj G {1, -,r}} ; and W c (<5) = 
{s(„j G C" i <T ( „) • a (n)j + c a„+i,j > <S,Yj G {1, . . . , r}} . 

2 Statements of main results. 

It is straightforward to check that Z(s\, . . . , s n ) is holomorphic on W c (l). Moreover, we will prove 
(see TheoremUJ) that one can continue meromorphically Z(si, . . . , s„) to W c (0). The main result 
of this paper consists in verifying, in most cases, that the edge 9W C (0) of W c (0) is a natural 
boundary of meromorphy. 

Before announcing the results, firstly we introduce a definition. 

Since W(0) = {s G C" +1 : K(s • a.j) > 0, Vj = 1, . . . , r}, th en the edge <9W(0) of W(0) is 
a polyhedron whose faces are of the form _F(a:. e ) = {s G W(0) : 5R(s • a. e ) = 0}; for a vector 
a. e G {oi.i, . . . , a. r }. We will say by abuse of language that T(a. £ ) is a face of polar vector ot. e . 

Now let T{a..e) be a face of the edge <9W(0) of W(0) as above and consider in particular 
S. e G N n ,S. e G Qa. e the vector collinear with ot. e whose nonzero components are relatively 
prime. 

Definition 3. Given e G {1, . . . , r} we denote by («. e ) the line connecting and the integer point 
a. c in R n , and then define the e-th main part of h [/i] e (X) = ajX a ' j . 

Definition 4. Given e G {1, . . . , r} we set 

A e ={j€{l,...,r}:a. j e{a.e}} 
B e ={/3£N r :ft=0 if j(£Ae}- 

It is clear that for all j G A e there exists qj G N* such that a.j = qjSt. e . Then we define 

jeA e 

Definition 5. We will say that the face J-(ot. e ) is a non-degenerate face if the one variable 
polynomial [h] e (T) has no multiple root. 

We suppose here that h is such that 9W(0) contains at least one non-degenerate face J-(a. e ) 
in the sense of Definition [5] 

The aim of this article is essentially to prove two complementary results concerning the natural 
boundary (meaning the boundary beyond which there does not exist any meromorphic continua- 
tion) of Y[ph{p~ si , ■ ■ ■ ,P~ s "iP~ c ) which depend on the validation of an hypothesis that we will 
note (H) (see Theorem [T}. 

We will see that if this property (H) is satisfied we are able to determine the natural boundary in 
a strong sense (see Theorem[l} whereas if it is not verified, we still obtain the natural boundary but 
in a weaker sense (see Theorem [2j: we will see that it cannot exist any meromorphic continuation 
by translating the boundary to the left. 
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Theorem 1. Let c £ Z\{0} and Z(s\, . . . , s n ) = Yl p h{p~ si , ■ ■ ■ ,p~ 3n ,p~ c ). The product (si, . . . , s n j 
Z(si, . . . , s n ) converges absolutely in the domain W c (l) and admits a meromorphic continuation 
to W c (0). Moreover, assume that the polynomial h(Xi, . . . , X„, X„+i) is not cyclotomic, does not 
contain any cyclotomic factors, admits at least one non-degenerate face J-(a. e ), verifies £7]) and 
satisfies in addition the following property (H): 



for all j£{l,.,.,r} such that a.j ^ Qa. e , a( n )j 



Then the set {(si, ■ • • , s n ) £ C n : (s i,...,s n ,c) £ J-(a. e )} C 9W C (0) is a natural boundary (in 
the strong sense): there does not exist any continuation of Z{s\, . . . , s n ) to a domain containing 
an open ball B (of dimension n) centered in a point s? n N such that (s?„\, c) £ J-(a. e ). 

Theorem 2. Let c £ Z\{0} andZ(s\, . . . , s n ) =Yl p h(p~ si , . . . ,p~ Sn ,p~ c ). The product (si, . . . , s„) i— 
Z(si, . . . , s n ) converges absolutely in the domain W c (l) and admits a meromorphic continuation 
to W c (0). Moreover, assume that the polynomial h(X\, . . . , X n , X n +i) is not cyclotomic, does not 
contain any cyclotomic factors, verifies £7p and admits at least one non-degenerate face J-(ot. e ) 
but does not satisfy the property (H) of Theorem^ Suppose in addition the following property: 

ifai( n )j f Qa!(„) e then the polynomials 1+ ajX a i and a jX a ■! are relatively prime. 

a.jEQa-c T-a-.j — at.j g eQa. c 

(2) 

Then the edge 9W C (0) of W c (0) is a natural boundary (in the weak sense): Z(si, . . . , s n ) does 
not admit a meromorphic extension to W c (<5) for any S < 0. In particular, Z(si, . . . , s n ) does not 
admit any meromorphic continuation to C n . 

As an application, we will see that we can determine the natural boundary (in the strong sense) 
of Igusa's zeta function Z rlng (si, . . . , s n ;Z[T, T -1 ]) by obtaining the following result: 

Theorem 3. The maximal domain of meromorphy M of Igusa's zeta function: 



Z™s(s 1 ,...,s n ;Z[T,T- 1 })= Yl 



<p(mi ■ ■ ■ m„) 



is given by M = I (si, . . . ,s n ) (E C" | V I C {1, . . . , n}, o~i > — 1 + #1 > . In particular, if (si, . . . , s°) £ 

I iS/ J 

dM, then there does not exist any meromorphic continuation of Z rtn9 (si, . . . , s n ; Z[T, T -1 ]) to a 
domain containing an open ball B of dimension n centered in (s?, . . . , s n ). 



3 Proof of Theorem [0 

3.1 Meromorphic continuation of Z(s±, . . . , s n ). 

The pseudo-uniform Euler product (si, . . . , s„) i — >• Z(si, . . . , s n ), absolutely convergent in W c (l), 
admits a meromorphic continuation to W c (0). This fact follows directly from the meromorphic 
continuation of the uniform product (si, . . . , s n , s„+i) i — > Ylp h(P~ S1 1 ■ ■ ■ yP~ Sn , p~ s,l+1 ) to W(0) 
as it is proved in [6] (see [6], Theorem 1). Furthermore, we are able to give an expression of the 
meromorphic extension of Z n+1 (si, . . . ,s n +i) in W(<5) for all 8 > 0, and hence an expression of 
the continuation of Z(s\, . . . , s n ) in W C (S) for all 8 > 0. 

The key point of the continuation of Z n+1 is the writing of h(X.) as an infinite product a 
cyclotomic factors: 
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Proposition 1. Consider the quantity: 



C:=C(h) = r — — 1 . (3) 

cii H + a r 



//l^l < C for j£{l,...,r}, th 



en: 



n+i \ tC 3 ) 

•*0 



/3=(/3 1 ,...,/3 r )SN>'\{0} \ 1=1 

/36tr\{o} 



where the right side converges absolutely and 



6£N r \{0} 
mgN 
mb=/3 



Proof. See 0, Lemma 2 and Corollary 2.2. 

Theorem 4. (si, . . . , s n +i) is merornorphic in W(0). 

Moreover if we write for all S > Ms = + 1 (Ms G N), following relation holds in 

W(S): 



Z n+1 (s 1 ,...,s n+1 )= ft(p- 1 ,...,p— +i) n CM,(s-a-*/3) 

P<Af<S /3GPT\{0} 



-703) 



where (,m s (z) = Ilp<A/ a (l — P z ) feeing f/ie classical Riemann zeta function) has exactly 
the same zeros and poles as the classical Riemann zeta function with the same multiplicities. In 
addition, the possible zeros or poles of Y\.f}ew\{0\ ^ M s ( s ' a ' t fl) 7 '' 3 ', which is merornorphic in 
W(<5), belong to the set: 

&s = {s G W(<5),3/3 G N r ,s ■ a • */3 = p, p zero or pole of ( (.)} . 

Proof. See [6], Theorem 1. 

3.2 Determination of the natural boundary of Z(si, . . . , s n ). 

Consider a point s° = (s? n s , c) with s® n ) G 9W C (0) lying on a non-degenerate face J-(a. e ) of 9W(0) 
(which exists by hypothesis) of real part cr° = (<T( n \,c) and of imaginary part r° = (r^^O). 
Consequently, we have for all j G {1, r}, a ■ a.j > and cr° ■ a. e — 0. Consider an open ball 
B of dimension n and of arbitrarily small radius around the point s° n j . Let us start by giving the 
definition of the notion of generic set which is fundamental in whole this paper: 

Definition 6. A subset G of a set E is said to be generic in E if the complement of G in E has 
empty interior. 

Remark 2. In the following when we will use the term "generic point" in a set E, it will be 
understood that we consider any point belonging to some generic set in E. 

To begin with, let us check that it is possible we can choose s° n j in a generic set inside B such 
that s° = (s?, . . . , s% , c) = (s° n ), c) G 9W(0) in a way to have: 

(f(n),c) • a.j = <S=> a.j£Qo.«. (4) 

For this assume that we have the existence of j\ and of ]2 such that Qa.j 1 7^ Qa.j 2 and such 
that (<T? n ), c) ■ a.j 1 — c) ■ a.j 2 = 0. Then we have: 
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1. The equality (<T( n j,c) ■ a.j 1 = 2__ l a i a i,j\ + c = defines an affine real space Ai of 

1=1 

dimension n — 1 > according to <x? n ) . 

n 

2. The equality (<X(„) , c) • cc.j 2 = <r° Q£ J2 + c a«+i j 2 ~ defines an affine real space A2 7^ Ai 

of dimension n — 1 > according to <r° n ) because if OL( n )j 2 S Qe* we would have 
necessarily a. J2 £ Qct-ji since c 7^ 0. 

Consequently we have necessarily tr? ra j £ j4i |")^2; and hence it belongs to an affine subspace of 
dimension less than or equal to n — 2 of empty interior in R™' 1 ; so we have by choosing en n s 
in a generic set such that s° n ) £ <9W C (0) n B. 

In the same way, we can suppose (by moving cr9 n s if necessary such that (<x? n ),c) £ 9W(0) 
by avoiding a countable union of closed sets of empty interior which remains of empty interior 
according to Baire's theorem) that for A = (Ai, . . . , \ n +i) £ Q™ + : 

(er° (n) ,c)- t \ = AeQa,; (5) 



Note: the previous argument is the simplest illustration of a recurring principle appearing 
throughout this paper; a principle briefly presented above (see Remark [T] page [3| which consists 
in moving the point s° n j on the boundary by avoiding a "bad" set. And the crucial point is to 
verify that this "bad" set has an empty interior in order to prove that the "good" points are 
generic in the set {(si,...,s n ) £ C™ : (si, . . . , s„, c) £ J-"(ct.e)} C <9W C (0) so that all this set 
{(si, . . . , s n ) £ C n : (si, . . . , s n , c) £ ^(a.e)} is a natural boundary of meromorphy. 

From now on, we will also suppose without loss of generality (rearranging the indexes if neces- 
sary) that a n ,e 7^ 0. 

We fix a direction 6 = (61, . . . , On, 0) := (©(„), 0) £ Q n+1 with On+i = and consider the one 
variable function in t complex: 

t .— ► Z n+1 (a? + *6»i , . . . , s° n + t0 n , c) = Z n+1 (s° + *6») = Z(«? +«9a, . . . , s° n +t0 n ) = Z{s° (n) + t0 {n) ) ; 

for t lying inside a rectangle (for u £ R, 77 > ): 

Su,,: < 3? (i) < 1 

< it < Si (t) < u + i). 

We suppose that satisfies the following conditions: 

6 ■ a. j = (n) ■ a (n)j > 1 for all j € {1, . . . ,r}. (6) 

We assume also that 



(n) • a Cn)e 6 N*; (7) 

(where a. e is the vector collinear with a. e whose components are relatively prime). 

In this way, since for j £ A e we have seen (see Definition [3} that there exists qj £ N* such that 
ot.j — qjdt.e, we have necessarily for all j £ A e 9r n \ ■ (Xi n }i £ N*. 



The aim of what follows is to prove the existence of an accumulation of zeros or poles of the 
one variable function 1 1 — > ^( s («) + ^(n)) inside the bounded rectangle S. UiV for any u £ R, r\ > 0. 

By putting s n +i = c in Theorem [4] we have an expression for Z(s\, . . . , s n ) inside W c (5) for 
all 8 > 0. According to the condition © satisfied by 0. this expression remains well-defined for all 
5 > for SR(t) > (5 if we put s (n) := s° n) +t0(„) since 5R(t) > <$ implies s°+*0 = (s° n) , c)+t(0( n) , 0) £ 
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W c (5). This allows to characterize the eventual zeros or poles of t i — > ^( s (n) + Indeed 
the poles necessarily come from (-factors and hence belong to &g (with s n+ i — c) for some S > 
whereas the zeros of t 1 — > ^( s (n) + t0( n }) are provided by the ("-factors and by the zeros of 

t^h(p-^,...,p-^-^,p-c). 

For the sake of presentation, consider the following triplet of parameters 

A* = (p,T( n) ,0(„)). 

When this parameter will be put in index, this will mean a dependence according to the prime 
number p, the imaginary part T(„j of s° n j and the direction 0(„). 

Definition 7. We define the generalized polynomial W^^o (X, Y) of h depending on S( n j , 
and p for X G C \ R_ and Y G C deprived of an half-line (i.e. Y G C \ e ib R+ for some b G [0, 2vr[) 

r 

as W^oiX.Y) = l + ^a J p"' T w"'(^rw ,a W' + ™"+ 1 ^ 8 i«)'»'. 
i=l 

Since s° = (f? n )) c)+i (r°„j, 0), then for allp prime and t G H„,, ; such that Q(t) log(p) + b ^ 27rZ 
we have W^^o^p' 1 = ft, (p _8 ° _tfll , . . . ,p~ s ° p^) . 

The aim of what follows is to characterize the zeros of these generalized polynomials W„ CT o (X, V) = 
by expressing Y = Q(X) as a function of X such that W„ CT o (X, Q(X )) = 0. The problem is 
that we cannot apply the classical Puiseux theorem to find these solutions because CT a (X, V) is 
not a real polynomial and in particular is not well-defined for X in a neighbourhood of 0. This is 
the reason why here we need the hypothesis that the face J-(a. e ) is non-degenerate; which allows 
us to prove the existence of the solutions and equally to have a good control on the convergence 
(particularly on the dependence on p). This result is given by the following proposition: 

Proposition 2. (Puiseux theorem for W^ ^o (X, Y)). 

Let q G N* be the smallest positive integer verifying q0( n ) ' a (n)j G N* for all j — 1, . . . , r. Consider 
the finite set: 

:= [cv G C; 3r root of\hf e (T) such that c q J >(n} '" ( " ,e = tp <T (™) ' a <"> c } ; 

(where S. e is the vector collinear with a. e whose components are relatively prime). 

There exists ei > (not depending on p nor on T? n \) such that for all X G H := {X G 
C\R_, \X\ < ei} the equation W„ CT o(X, Y) = admits the set of solutions Y = fi^ c . (T o(X) (c^ G 
Pij.); where for all G p^, X 1 — > c CT a(X) is an holomorphic function on T-L and satisfies for 

allXeH: fi MjCMiCT o(X) = Efc=o ^(c^/i^K-)'* ^ft, 

-Z. K C(J G NU {+c3o}; 

i?(<T( n ))o = < ^(cr^))! < • ■ ■ is a stricly increasing sequence (independent of t®^); 
3. limfc^ +00 = +00 if K C)li = +00; 

4- there exist two constants D eQ > 1 and A(cr^ n - ) ) > (independent of p, t?„n and fc,) such that 

\Ck(Cfj,, <C D eg uniformly in p prime and in k; 

1 

5. co(c,j,,/i) = c^, in particular \co{c^, = |c| 8(n) '"t")" . 
Moreover {c (c^, G p^} = {u G C; 3r root of\hf e (T) such that M « 8 (»)' a (")= = tp iT («) ' a <"> c }. 
Proof. See [6], Proposition 2. □ 
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Now the aim is to find a Puiseux series Y = fi Mj0 -o (X) in a neighbourhood of X — (X 6 C\R_ ) 
such that W^ ttT o(X,Q^ iCr o{X)) — and verifying |f2 MO . (X)| < 1 for X > small enough. 

In this way we will have infinitely many zeros t m u CT a (m g Z, p prime large enough) of the 
form 

log(^, CT o(p~ 1 )) , 27rmz 

lQg(p) + lQg(p) W 

of strictly positive real part inside S u>tJ for p large enough. 

So now consider any solution fl^ ^o(X) of W / M (T o(X, V) = (in finite number) that we will 
write as follows: 

Q MiCT o (X) = c Mj0 + cwX* 1 + ■ ■ ■ + c„, N X 0N + n^a tN+1 (X) , (N > 1) (9) 
where c„, m G C; i?jv = #(0-(„))jv >•••>#! = tf(< n) )i £ N*; n MiCT o jN+1 (X) = o (X 1 '"); and we 

have vfc g {l, ...,/} , w Mi<r0 (x, (X)) = 0. 

We have to notice that, according to Proposition [2] (claim 5.), the main term c^,o of a Puiseux 
branch is a root of the one variable polynomial: 

[W M>0 .o] e (T) ==1+ X] 0jP~ iT (») ,O[ ("»T 8 W ot (~M =[ft[;(p- IX (")' a <")=r e (™)' a <")=). 
Moreover, if to each root c^o of [W^ CT o]e(T) we associate 

ce, := c^.op 8 <">~M= . (10) 
Then |ce,o| = kw> and ce,o is a root of the polynomial (not depending on p nor on r°): 

1+ X] ajT e («) ,ot Wi . (ii) 

jSA e 

Note that the expression (|11[) is really a polynomial according to the property (0 on #(„). 
Remark 3. For p large enough Wu, :Cr o(X, Y) is well-defined by putting X = p _1 and Y = 
p 'm.M.o- for T? n -. £ R™ generically chosen by avoiding a countable closed sets of empty interior if 
necessary. Indeed p' 1 G C\R_ and if p W.«- g e ib R + we would have the existence of m p G N* 
such that: 

(m ^' CT) " 1, log(p) + log(p) 

_ - arg(c M ,o) + O (p^ 1 ) + 2-Km 



log(p)_ 

■ arg(ce.o) + O (p^ 1 ) + 27rm T° (n) • a (n)e _ -b + 2m p Tv 



log(p) 0(„) ' tt(n)e log(p) 

So, for m fixed, if the equality (| 12f) was satisfied for infinitely many prime numbers p, we could 
write g-p^ j as a limit of a sequence (S m ) p according to p. 

But the set £ of all the limits of these countable sequences is a countable set. Consequently, if we 
choose T( n ) G R n generically so that ^ £ by avoiding a countable union of hypersurfaces 

of dimension n — 1 of empty interior, we may assume that p _t ™.^.°- for all m and for p large 
enough. 
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Notice that if [W / Mj(T o] e (T) is not cyclotomic, then there exists at least one root c^,o of modulus 
stricly less than 1 which will provide a Puiseux branch Q^ ^oiX) satisfying |J7„ cr o(X)\ < 1 for 
|X| small enough. 

So now let us deal entirely this particular case where [W j0 .o] e (T) is not cyclotomic: we will 
prove that there are, among the two factors of t i — > Z(s'L l \ + t0( n j) which appear in the writ- 
ing of Theorem 21 many more zeros coming from the factor t i — > YI p <m 1 W^^o *) = 

~~ 77+1 

Yl p<M 1 h (p~ s ° +tBl , . . . ,p~ s ° +t8 '*,p~ c J (for v » 0) than poles coming from 

77+T 

t i — ► ]l 1 a e N''\{o} Ca/^_ ((S( n ) + *#(n)>c) • «• */3) 7</3) for i lying inside a region A U)1/iV in a neigh- 
bourhood on the right of 5ft(t) = determined by (for v, rj, u > 0): 

A Ul!V) : -A T <SR(t)<i 

< it < Si (t) < u + 77. 

In this way we will show the accumulation of zeros t TOj/Ujtr o (m £ Z, p prime) of Z (s?„j + t#( n )) = 
^" +1 (( s (»). c )+*( (n),O)) inside S»,^ = U„>! A»,^.' ' 

By the way, we could note that this particular case does not require the use of generic arguments 
which consist in moving if necessary the parameters f(„) or 0(n)- Moreover, we can also give an 
estimation (in function of v and rj) of the number of zeros t m „ ^.o inside A U:VtV . It is in this sense 
that this case is more simple than the case where [W j(T o] e is cyclotomic - the case which will be 
dealt with later. 

Lemma 1. We suppose that [W„ CT o] e is not cyclotomic. 

The edge 9W C (0) of W c (0) is a natural boundary for Z (s) = Z n+1 (si, . . . , s n , c). 

In particular, the number S{v,rj) of zeros f mjl tr o of the form @) (counted without their mul- 
tiplicity) inside the region A„ j7) (for v,r],u > 0) is such that for all N g N: 

0/ ^ f?(Co - 1) N 

A^JV47T 

where ICn is a constant depending on N and Co = jc^.o -1 ] > 1 is the modulus of the inverse of a 
root c^o of [W^ i(J .o]e of modulus strictly less than 1. 

Proof. To begin with, let us notice that for 5ft (t) > S, we have according to Q: 

z(s? n) + te (tt) )= n ft(p- fl? - tfll ,-.-,p- s "- tfl ",p- c ) n CM 5 ((s^+t0 (n) , C )-a- t /3)- 7(/3) . 

p<M a /3efT\{0} 

Indeed this writing makes sense because for all j g {1 . . . , r 1 }, (c? n ) + 5ft(t)#( n ), c) ■ oc.j > 
5ft(f)0(„) ■ a(„)j > S according to ([6|. 

Consider the zeros and the poles of Z (s? n j + t0{n)) inside the rectangle (for u,r/,u > 0): 

Au M : ^ T <5ft(t)<i 

< u < SJ (i) < u + 7). 

Firstly let us estimate the number of possible poles inside A„,,, coming from the factor 

ll C,m 1 ((s? n ) + t0(„) , c) ■ a • */3) 7 . Recall (see Theorem[4]) that (m t has exactly the 

77+T 77TT 

,36M'A{0} 

same zeros and poles as the Riemann zeta function £. 

If to is such a pole inside A u>v , v , then there exists /3 G N r \ {0} such that (s( n ) + to0(„),c) ■ 
a ■ /3 is a zero or a pole of the Riemann zeta function £; and this quantity satisfies necessarily 
^ (*o) ((#(«)) 0) • a • */3) < ((s°„) + t o {n) ,c) • a • */3) < 1. 
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Consequently we have ^-j- < 5ft (to) < ^ ~^J^7p i which provides (0( n ), 0) • a ■ /3 < (1/ + 1) . 
Furthermore the inequality (0(„),O) • a ■ */3 = Z^ =1 Pi ' ^ WW ( b y ©) S ives: 

||/3||<(i/ + l). (13) 

Moreover 9 (to) < u + r) gives Si ((s° (n) + t o (n) ,c) ■ a • */3) = O ((v + 1) (u + t])) . 
After having fixed r\ > 0, the number of zeros or poles of one ^-factor of 

]~J Cm ! ((s( n ) + t#(„), c) ■ a ■ */3) 7(/3> is given by O ((u + 1) log + 1)) , according to a 

/3GN''\{0} " TT 

classical result concerning the estimation of the number of nontrivial zeros of the Riemann zeta 
function of imaginary part less than (u + 1). 

In addition, the same pole can, by (|13[) . appear in at most (v + l) r terms; which gives at most 

Uy + l) r+1 log (v + 1)) poles inside A^^ (counted without their multiplicity). 

On the other hand, let us estimate the number of zeros S (v, rf) coming from 
U p <m 1 ft(p- s? - t9l ,...,p- s "- te ",p- c ) =n p <„ , (p" 1 ,?"*) inside A,,,. 

T^FT X ' 17TT 

We consider for this the Puiseux branches of W„ &a(X,Y) in the neighbourhood of X = 
(X g C\R_) of the form ([9]). We know that the first term c^,o of a branch is a root of [Wu CT a] e (T) 
and that reciprocally each root of this polynomial determines the main term of a Puiseux branch 
(see Proposition [2] page [8|. And since by hypothesis [W„ &o\ e (T) is not cyclotomic, then there 
exists a root c^,o of modulus stricly less than 1. 

Then consider in particular a Puiseux branch fi o(X) having this first term c^,o with [c^,o| < 

1 and put Co = |c^,,q| _1 > 1. 

For p prime we write f^o-o (p 1 ) = c^.o + c^.ip^® 1 + 57„ 2 (p _1 ) • Thus, some zeros of 
t i — > W„ a o (p~ , P _t ) for p prime can be expressed as follows: 



log (c M , + c M , ip + (p 1 )) 2-Kmi 

log (p) log (p) 



*m,n,o-o = iZTTTi 1" i»„ O V 14 ) 



where m G Z. To have t mtfJtCr o £ A,,,,, we must have: 



1 ^ l0g|c M ,Q + C M ,ip 1,1 +^,0-0,2 (? *)| 1 

< i7T73 < 77 • \ Lb > 



(16) 



^ + 1 log (p) V 

Let us prove that this inequality is well satisfied for p lying in a suitable interval. 

Firstly we can assume that 5ft I ) ^ : this property which exploits 
the genericity in tLj £ K n will be proved in Lemma l3l page [191 

Thus there exists po € N such that for p > po we have either: 

+ ^ 1 + SW^) >x ifR Ac^\ >0 . 



< 1 if 5ft ( ) < 0. (18) 
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In (|17[) or (|18|) for v large enough and 



p > max 



"(x,0 



4( V + 1)|»[^1 



4 (^ + WS)l( c o 2 



(which is possible according to Proposition [2] page [8] because 
|c/i,o| = \cg,o\ > and |c M ,i| is bounded independently of p), 
we obtain : 



(-1) 6 



<V,o 



<V,o 



1 + (-!)' C " 



Cn 



where £ G {0, 1}. 

Indeed, the inequality (| 1 Tp gives: 



1. for £ = : 



! + £M£ p -*i + n M.^°,2 (P" 

Cii,0 Cii.O 



i + c 



2. for £ = 1, since p > 



4(„ + l)K(j£i 



< 1 < 



0! \ "+ 1 



C n 



los 



1 + £aip-*i + 
c n.o 



= log(l + 2K(^)p-^+ (p^))^ i 
> -2(v + l)R( p-® 1 for v large enough (i/ > v ) 



,0 



> log 1 



b, 1 +o I ^rr 1 



which provides the inequality desired (for v > vq) 



C H,0 



C H,0 



> 1 - C 



-1+(C 2 



C" 



Similarly, the inequality (|18[) gives 



1. for £ = 0, since p > 



12 



log 1 + s*i P -* + 



= | ( -23? 



^>-*+o(p-*)) 

< 2^ P" 151 ) for large enough (i/ > i/i) 

< — *T~ < log f 1 + J = -i- + o ( 



2C n 



which guarantees (for z/ > fi) 



2. for e = 1 



> 1 > 1 



< 1 + ^7 



G. 



^0 ^0 



Now if we choose Cq I 1 + 



C 



< P < C*o +1 1 7~77W 



, (which is compatible with 



the previous condition on p to have (O) then (|15f) occurs since according to (|19[) we have: 



< cs i + -^j- 



< C^ 1 I 1 



< Gq 

and finally by taking the logarithm of both sides we deduce (|15[) . 

Now, r) > being fixed, if we choose v as a positive integer such that — — r < r/, then 



for all prime number p such that Cq 1 H — < p < Cg I 1 — 

1 I \ 



we will have 



CV, 



t m ^ a .o £ A,,,, it and only it u < — — f- — — ^ — < u + r), which is equivalent to: 



log (p) 

'log (p) argjQ^ (p- 1 )) < m < 



log (p) 

(u + 7j)log(p) , axg(n MiO . (p" 1 )) 



2tt 



2tt 



2tt 



2tt 



(20) 



Hence, for a fixed p, we will have v + zeros t mlxtT o of W^ ^o (p \p *) inside A,,,,, where 
M<1. 

_.o_ 



Finally, if S" (1/, 77) denotes the number of zeros of n ? <M 1 h{p 



5 ?-«\...,p-<- t9 ",p 



inside A„ !?7 a priori counted with their multiplicity, we will have: 



E 



,(« + !)- 



log (g) 
2tt 



+ £17 



(21) 
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By taking v large enough so that C 2 < 



theorem (i.e. log (p) ~ x), the estimation (|21[l gives: 



Cg-1 



and by using the prime number 



4% 



47T 
4% 



E 



<p<cft +l 1- 



C, 



log (Co" 



For being able to minorate S (y,rj), we want to majorate the multiplicity of a zero or a pole 
t m ,u,,ir ■ Thus given a prime number p and an integer m, we want to majorate: 

M (m,p) = # {(m',p') | m' G Z,p' prime, t^^o = t m > tli > ia o with // = (p', T° n)j 0(«))} . 

Notice that we can suppose without loss of generality that if p' is such that there exists an 
integer m such that t m „ CT o = t m > ^ ^o, then p' > p. 
In addition we have: 



- log ry , ct0 (p'- 1 ) = - log ( Vl0 ) + o (p"" 1 ) 



(22) 



r (")'"(")e 



Furthermore by (|10|l we can write, for all prime number p, c Mi o = ce,oP (™) , where ce,o does 
not depend on p. We remark also that 3? (log (ce,o)) = log|ce,o| 7^ because |ce,o| = l c ^,o| < 1. 
According to (|22[) . the equality t m „ CT o = t m / „/ CT o provides: 



■log(c e , ) + O (p -151 ) + 2i7rm - log (c e , ) + O (p"* 1 ) + 2mm' 



log(p) log(p) log(p') log(p')' 

By identifying the real and the imaginary parts of (|23|l . we obtain the estimations: 



-log |ce,o| 
-arg(c e ,(x 



log (p) log (p') 
1 1 



Jog(p) log(p') 
And since log \ce t o\ 7^ 0, we have: 

1 1 



+ 2tt 



log(p) log(p') 



1 



p<?i log (p) 

1 

p*i log (p) _ 



log(p) log(p') 
m m' 



. log (p) log (p') 



log (p) t 
1 

K P*i log (p), 



The first line of (|24[) permits to claim that log (p') — log (p) = O f '° s ^ - J . Consequently there 
exists an absolute constant Ai such that if p' is such that there exists m' verifying t m i „/ CT o = 



(23) 



(24) 



t mi(4i ^ then log (p') - log (p) < Ar^gi. So we have log (p') < -^f- < log (p) ( 1 + 



log (p) 



A, 
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where A2 is an absolute constant (we can for example choose A2 = 2Ai). If there exists m' such 
that t m i o-o = t m fi r7 o, then p' satisfies necessarily 

! I A 2 

P<P ^ ■ (25) 

For a fixed p, let us count the number M' (p) of p' satisfying (|25|l . For this we use the prime 

number theorem which gives the following estimation vr (x) = f* + O (xe~ m ^ log{x) ^ (where 

m is an explicit absolute constant) for the number of prime numbers n (x) less than x. Hence we 
obtain: 



But we have uniformly in t 6 |p,p 1+A2P 1 j log (t) — log (p) + O (log (p)p ^ 1 ^ ; which pro- 



vides: 



^ W log (p) + O (log (p) p-*x )\ P P ) +U \ P£ 

= O ( r-^ {p A ^ X -l))+0 ( P e- m ^^ 



= O (^^y {e A - W*-* 1 - 1 )) + O ( pe - m V^) 
= dip 1 -* 1 ) +o(pe- m ^°^' ) 



= O (pe- m V^W) . 

Now, having fixed an integer m £ Z and a prime number p, let us consider a prime number p' 



verifying (|25[) and let us estimate the number of integers m' such that t m fJi C7 o = t m i „i a 



According to (1241) . we have — , , ^ — - = O [ — ■. — - — -— \ . But since p' verifies (1251) . we 

" log(p) log(p') \p»i\og(p)J 

have log (p') = log (p) + O (log (p)p - '' 1 ^ ; and consequently: 

™ ™' lo s(p) 



- '■"log(p') i = ^ 

m ~ m, ( i + o(p-^) ) = °( p " 1 

m-m'(l + o(p-" 1 )j = o(p-" 1 ) 

m-m' = o|p^j+o(m>- Jl ). 

Moreover, if t m i „i a a £ A,,,,,, then by (1201) m' must verify m! — O (log (p')) = O (log (p)) ; and 
hence m — m 

= O (log (p)p 1,1 J . In particular, for p large enough, p > pi (pi being an absolute 

constant), we deduce \m — m'\ < — ; and then m = m'. Hence if p > pi, the couples (m',p') such 
that t m / jJt / o-o = t m „ CT o are necessarily such that m = m'. And finally .M (m,p) — M' (p) = 

o ( pe -™\/^w) . 

As a conclusion, if p is such that Cq I 1 H < P < C*o +1 1 1 t , 1 , then for all 

IV £ N, there exists in particular a constant K.n which depends on TV such that for all m G N, 
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M (m,p) < K.N-]?- Thus for all N G N, we have finally 

For AT > r + 1, we have in particular (y + 1)' +1 log (u + 1) — o(S (u, r/)) when v tends to infinity; 
which completes the proof of this lemma. □ 



The case where [H / /J ,^ cr o]e(T') is not cyclotomic being now completely dealt with, we assume from 
now on that [VK (J , .o] e (T) is cyclotomic. 

The problem is more complicated when the polynomial [W / (i (T o] e (T) is cyclotomic. 

In this case, it is necessary to consider the second term of the Puiseux branches to prove that 
there exists at least one satisfying the desired condition CT o (X)| < 1. Moreover, to have this 
condition, it is also necessary to refine our choice of direction 0. Indeed, by choosing a suitable 0, 
we will see that we can find two Puiseux series of opposite initial term ±c M ,o with the same second 
term c^^iX 1 . In this way, although it is not possible to have c^o < 1 since here [W^ ^oje is 
cyclotomic, one of these two branches will be of modulus stricly less than 1 for X > small enough 
whenever arg (^^r^ j 7^ § mod (iv). And we use an argument of genericity in the imaginary part 

t° = (f? n )! 0) of s° to ensure arg ( £t±L J 7^ — mod (tt). 

We will use later the following lemma to justify the existence of a particular index e! G {1, . . . , r} 
which will be crucial in the computation of the second term of the Puiseux branches. 

Lemma 2. Consider an half-line e lb R+ and a corresponding determination of the logarithm so 
that W^ tCr a \ T o = o (X, Y) is defined for X 6 C \ R- and Y G C \ e lil R+. Suppose that there exists 
c G C \ e ll1 R+ such that for all X £ C \ R_ and for s? n \ generically chosen in BPt <9W C (0) we have 
W^ a-o |t-°=o (-X, c) = 0. Then necessarily |c| 7^ 1. 

Proof. Suppose that there exists c G C \ e ll1 R+ such that for all X G C \ R_ : 

W^o U =0 (X, c) = 0. 

Then we will have: 

r 

U (26) 
= h(x° O H e \...,X<<?~)=0. 

Moreover, the generic choice of <r°i n \ (see means that the only constraint its components 
must verify is cr° ■ a. e — 0. 

Consequently, since we have supposed without loss of generality that a n<e 7^ (see page [7]), we 
can consider <x? n N G R" as a (n — l)-tuple cr° = (ctJ, . . . G U C R" _1 (U being an open set 

of I"" 1 ) by putting: 

a° e (£e{l,...,n-l}), 

1 ~o \ 

Cti,eOi + c a n +i,e 

Q "' e \i=l J 

[x 7^ 1) let us define: 







Then for all x G 
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U — > R n 

5° = (5?,...,aS_ 1 ) —> (a 5 ?,...,^-!,*"). 
It is clear that Uzxj <&x(U) describes a nonempty open set (0, oo) n . 

Moreover, there exists a nonempty open set U' C R™ x (K>o \ {1}) such that for all 
(yi, . . . , y„) 6 (/' there exists (cr°, . . . , ?°_r) £ U and i > (i / 1) such that 

, a n ,e /" iQg(yi) l0g(t/ n -l) ^ / \ 

( Vl ,...,„„ ) = <£> cxp( ^ log(s „ )) [c^- y . . . , c j^-j J 6 Im ($ cxp( ^ los(yn)) ) . 
Thus for all (j/i, . . . ,y n ) £ U' we have: 



n-l 



, X n c 



with x = exp log (?/„)) 
according to (|26|) . 



n-l 



But the function (yi, . . . , y n ) ' — ► h I y" n,e c ei ,. . . ,y""i°c e " S c fln yn°'" +1 " e ]^[ 2/ £ °' ,t ,!;»" 
holomorphic on (C*) n . And since it vanishes on an open set U' of (0, oo) n , we have in fact 

for all ( yi , ...,y n )e (C*)", h (y^<°c e \. . . ,y^c e -\ c%r" +1 ' e jf w7° <,a »»n B "l = °- 
Hence the polynomial h(Xi, . . . , X n +i) vanishes on H fl (C*) n where "H is the complex hypersur- 

n + 1 

face defined by the equation r e <"> ""W«X a ' - 1 = J} x"*-' c~ e * at ' e - 1 = 0. We deduce that 

the polynomial Xi • ■ ■ X n h(Xi, . . . ,X n +i) vanishes on the whole hypersurface H and hence the 
polynomial c ~ e <"> a (">=X a " - 1 divides a power of the polynomial Xi . . . X n h(Xi, . . . , X n +i). 
Since the polynomials c~ e (™) ' a (™) c X a c — 1 and X± . . . X n are relatively prime, we deduce that the 
polynomial 

Pc(X) := c" 8 '")'"'")^"" - 1 (27) 

necessarily divides a power of h; and hence -P C (X) divides also h because all irreducible factors of 
P C (X) are of multiplicity 1. 

And since h is with rational coefficients and c is an algebraic number, the polynomial 

Q(x) : =n p C '( x ) G Q[ x ] 

(where the product is done over all the conjugates c' of c) also divides h. 

Remark that Q(X) can be reduced in fact to an one variable polynomial (by the change of 
variable T := X" <=). 

Now, if we assume by absurd that |c| = 1, then the polynomial Q(X), having rational coeffi- 
cients, is necessarily cyclotomic because all its roots would be of modulus 1; which is not possible 
since by hypothesis h does not contain any cyclotomic factor. □ 
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Now consider a particular index e' 6 {1, . . . , r} verifying: 

cr° • a. e i > is minimal (28) 
among the indexes jo such that <r° ■ a.j > and which verify: 

{j;a. r a. jo 6Qa. e } 

The existence of such index e' is ensured by the previous lemma. 

Indeed, consider a set J made of representatives of each class of the following equivalence 
relation ~: 

a.j ~ a.j/ ct.j — a.j/ G Qa. e . 

And write 
where 

R^o(Y) = Y <. 3 p" iT W'"'««F S W' a W'. 

Recall that since we suppose here that [W^^oje^) is a cyclotomic polynomial, all its roots 
are of modulus 1. 

Now let c^,o be a root of [W^^oje- 
We have: 

R»,j {cn,o) = Y a J p ' T(ny[a{ " )3 a( " )c "(»)-°(»)"/c e /(»)' a '»)= according to QDJ. 
But if a.j = cc.j + we obtain: 

a Wi- a We 8(,). a |„) 8 = a (n)jo + <?»(r»)e -«(n)e e ( "". a(n)e 

_ 9 (ra) '"(n)j 

— a («)j0 a (n)e e (n) .Q, (?i)c • 

Consequently since the ot^j — Q( n )e g|"j .a|"j J are au ec l ua l f° r j ~ Jo we have i?/t,j ( c m,o) — 
is equivalent to: 

«io(cs.o) := Y ajceA nyaMi = 0. (29) 
i~io 

Thus if e' does not exist, we would have for all X G C \ R-: 

W MiCT o | x o =0 (X, c e , ) = [/i 9 ]e(c e ,o) + Y x<T °' a - j0 Rjo (cb,o) = 0; 

which is impossible according to Lemma [2] since here |ce,o| = |<V,o| = 1. 
Obviously, it is possible to have some jo such that 

<r° ■ a. e / = <r° ■ a.j . (30) 

However, if er° 6 K n is generically chosen so that s° £ B PI 9W(0), the equality (|30|) implies 
necessarily that jo ~ e'. 

Throughout what follows, we need the direction 6 — (0( n j,O) G Q n x {0} to verify, in addition 
of ©, the two following conditions: 
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0(n) • "(nje G is even; . . 

0(n) ■ «(n)e' £ Z + is °dd. 

Note that, although the vectors a. e anda. e i are not collinear (according to f5|) since cr° a. e = 
and er° ■ a. e t > 0), it would be possible to have ai n \ e i £ Q«(n)ei an d in this case it would not be 
possible to choose such 6 with 9 n +\ — and verifying (I31[) , 

To escape this difficulty, we use the hypothesis (H) of Theorem [T] which, because we know that 
a. e and a. e i are not collinear, ensures that a^ e i £ Qa( n ) e ; and consequently it is possible to find 
9= (£>(„), 0) verifying QT). 

The two following lemmas are crucial to prove the existence of an accumulation of zeros 
t m ,u.,er° G St,,T) of positive real part. 

Lemma 3. Let fi M(T o(X) = c^,o + c^i-X"* 1 + o (X^ 1 ) be a Puiseux branch of initial term c^,o, 
root of [W^ i0 .o] e - Moving generically t°„j £ R" so t/iat s?„) £ B (1 9W C (0) if necessary, we can 
assume 



arg - mod (tt). 

Remark 4. This lemma does not require the hypothesis that [W (i>cr o]e(r) is cyclotomic; moreover 
this result is used in the proof of Lemma [Tl page ITT7I (see (|16|) page Hip . 

This lemma will be proved just after the following lemma: 

Lemma 4. Assume that [W„ „.o] e is a cyclotomic polynomial. 

There exists a Puiseux series S7 (l n .o(X), solution of W„ l<r o(X, Y) — and verifying 

\Qn „o(X)\ < 1 for X > small enough; 

which provides an infinite number of zeros t mfla .o £ H Uj7) o/J| p<Mj h(p~ Sl ~ tei , . . . ,p~ Sn ~ t0n ,p~ c ) 
as 8 tends to 0. 

Proof. Consider a Puiseux branch that we will write: 

of main term the root c^.o of [W^ CT o] e introduced previously which is of multiplicity mo = 1 since 
T{a. e ) is non-degenerate in the sense of Definition [5] 



According to Lemma [3] moving T? n \ if necessary, we can suppose that arg I ] 7^ 



(„) if necessary, we can suppose that arg I - c 

mod (tt). Thus we have f < arg < or § < arg (~^) < if- Since [W MiCT o] e is 

supposed to be cyclotomic, the main term of Q, + ^ is of modulus |c M .o = 1. 
But if we assume firstly that ? < arg I J < we have: 



1+ +o(X<' 



< 1 /or X > smaZL 



Hence il^ CT o(X) = f2 ^oiX) suits and it is the Puiseux series that we have looked for. 

t t / c u 1 I 37T 

Now assume that — < arg < — . 

2 \ c Ml o / 2 

We will show that the particular choice of (see (|31|l pagell9[) permits to find a Puiseux series 
with initial term — c^o and with the same second term as that of $7^ ^ and which hence will be 
the series we have looked for. 
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Firstly, since 0{ n ) G Q n has been chosen so that, for j £ A e , ■ a.j is even, we know that 
— c n,o i s a l so a ro °t °f [^t.o-ole; furthermore notice that this root — c^o provides a corresponding 
Puiseux series solution of >cr o(X, Y) = according to Proposition [2] 

So consider the following Puiseux branch that we will write: 



and whose initial term is this root — c^.o- Let us compare the two terms c~ jl* 1 and c+ 1 X' &1 . 
We use for this the fact that the terms of lowest degree in X of ^X, ^ (X)^ cancel each 

other; and these terms coincide with those of W^ ^a ^X, ic^o + 1 X i>1 j . And these terms of 
lowest degree are also those of the following expression: 

4,i[ W »,A'e(± c »,°) X ** +X~° a ''R».e' (±c M ,o). (32) 
Then on one hand concerning the branch f2 + n we have: 



<A = -TT^Tf^T; (33) 



and on the other hand concerning the branch f2 n we have: 

[w^AU-cA -Iw^AAA ' ( ' 

And since ■ £*( n ) e ' is an odd integer we obtain ct 1 = c~ 1 . 
Hence finally there exists a Puiseux series: 

n MiCT o (X) = -c Ml0 + c+ j X< + o ; 

which is such that |r2 (J (T o(X)| < 1 for X > small enough. This series provides some zeros: 

t log (p" 1 )) ^ 27rm^ 

m ' M,cr log(p) log(p) ' 

where m £ Z and p is a prime number. And we will have t m ^ a . £ S UtV if u < 9(t m .^ i0 .o) < u + rj; 
meaning that if: 

2-Kin arg(fi o(p -1 )) 

u < i — rr i / n — — < u + n, 

log (p) log (p) 

which is equivalent to: 

u\og(p) arg(» M ^ (p- 1 )) (n + t?) log (p) arg (Q^o (p- 1 )) 

+ 2^ < m < 2^ + 2^ ' (35) 

Hence we will have for p large enough some zeros of t — > W„ >cr o(p _ ,P _t ) inside H Uit) . And there 
exists infinitely many zeros t m f ^ a .a £ a u>v of Y\ h(p~ Sl ~ t01 , . . . ,p -s " -te ",p -c ) when 5 tends to 

p<M s 

0; which completes the proof of this lemma. □ 
Now let us prove Lemma [3] 
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Proof (of Lemma[3]). To begin with, we identify the dependence on p and T? n \ of c^,i. 
According to Lemma 2] we have: 

Cfj, t l = 



[W^oYe (c M . ) 



Recall that by (|10p we have c^o = co^p (") "<")" ; which permits to identify clearly the dependence 
on p and t°„j of c^o- Let us observe in particular the denominator c^olW^o-oJe (c Ml o) of Sttii and 

let us prove that it does not depend neither on T? n \ , nor on p. Indeed: 



E a, (fl . a . j)c «( on ,-«,o,- 1 ;(^^( e <"'-<"»- 1 )-^)' a <"») 

jeA c 

since j G A c implies that ^ (fl (n) ■ a (n)3 ) = r° n) • a( n)j . 

Now assume by absurd that for all T(„) in some open ball so that s? n ) 6Bfl 9W C (0) and for 



all prime number p arg ( 7^ J = f mod (7r). Then we would have 

I 2' 2 



Put for fc such that a.j g cc. e / + Qa. e 



e (n)-™(r.)fc 



E,- 6A a,(0-a.,)c^' t»M 



not depending neither on p nor on t°„j . Then we have 



C,i ' {* :a .»-o. e ,eQo.,} 



\ A \ IT, - -Wl, 

= 2^ X k,e,/3, P P w fc , 

{fc:e».fc— ct. e /SQe*. e } 

if we write w fc := Q (n)e - a (n)fc . 

Remark that these are all equal. Indeed if k and fc' are such that a.k — <x. e i S Qa. e and 
a.fc/ — a. e i G Qa. e , then a. it — a. k i G Qa. e and hence there exists q G Q such that — a.y = 
ga. e . In particular we also have — a( n )fc' — ^(nje! consequently ( " } g^".^ -1^1* ^ et( n ) e = 

qa (n ) e = a( n )fe - a (n)fc / and hence w fc = w fc / = w e /. 

iet us prove that w e i 7^ : this property is crucial if we want to move arg I ) by choosing 
T (n) generically. It is exactly here that we use again the hypothesis (H) of theorem\7\ 

Indeed, w e / = is equivalent to (Xr n \ e i G Qct( n ) e . But we know that the vectors a. e and a. e i 
are not collinear since <r° ■ a. e i > and er° ■ a.j = if and only if a.j G Qa. e according to the 
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property Q on er° = (""(n)) c )- And consequently the hypothesis (H) ensures ct( n ) e ' ^ Qc*( n ) e and 
hence w e / 7^ 0. 

Finally we have — p' T l") w '' ^k,e./3, P - Now if we put: 

CM ' *|a. t -c t ,e(!a. E 

<P ■= arg ^ Afc,e,^, p J ; 

\k\ac. h -a. e ,EQa.. e / 

(ip not depending neither on p nor on t9„n), then we obtain: 

T? B) 6M:=(JU {(T ( ( } n) ■ w e /) log(p) + ^ = I + myr} . 

p mGZ 

But A/ is a countable union of affine hyperplanes in t?„n which are of empty interior inside R n 
(because w e / 7^ 0); and according to Baire's theorem the countable union of these hyperplanes is 
also of empty interior inside R™. Consequently these previous conditions cannot be satisfied for 
all T? n i inside an open ball of R"; and we obtain a contradiction to the hypothesis above, which 
completes the proof of this lemma. □ 

At this stage we have proved the existence of infinitely many zeros t m „ CT o € H Ui ^ of t 1 — > 

Yl p <M s h (p~ 3 °~ tSl , ■ ■ ■ ,p~ 3 "~ te " ,p~ c j as 5 tends to 0. To prove Theorem Q] it remains to verify 

that the accumulation of these zeros t m fJi tT o lying inside E UjI) is not cancelled by possible poles 

coming from the (^"-factors of n/3gn'-\{o} ^ M s (( s (n) + t&(n)-> c) ■ at ■ t f3) which appear in the 

writing of Theorem [4] 

To start with, let us remark that, since (m s has exactly the same zeros and pole as the Riemann 
zeta function, the possible poles which could cancel the previous zeros t m fM rr o are of the form: 

t (P, p) = 



£;=i&(0-«-i) ' 

where f3 £ N r \ {0} and p is a zero or a pole of f. 

In what follows we will prove that, by moving Sf„) 6 Sfl <9W C (0) if necessary, there is 
at most a finite number of such t((3, p) inside the region S u , v which vanish the factors t > — ► 

h (p~ Sl ~ tBl , ■ ■ ■ ,p~ Sn ~ tBn ,p~ c j (p being any prime number); and consequently they cannot can- 
cel the accumulation of t m ,. 

Then for all (3 £ N r \ {0}, for all prime number p and for all p zero or pole of £, we will consider 
the following quantity: 

and we will prove that for almost all the t(/3, p) £ H u ,, (all except a finite number) and for all 
prime number p large enough (p > pa where po is an absolute constant) we have: 

Write: 



= l + ^a k p 



l + ^a k p Xk - e -f > -" ( ' 70) 
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where 

-^fc,e,/3,p(o"°) = —Uk t e,p(<T°) — «fe,e,/3, P ; 

with 

Uk,e,f3(cr ) = tr ■ a. fe — « (n ) ■ a {n)fc = 7 ■— - 

and 



Vk,6,0,p = 0(n) • f«(n)* — v^T ITTa \ — + ir («) ' a Mk'i (36) 

is independent of cr . Let us precise the dependence of Uk,e,p(<r°) on <x°. Indeed, the (n + l)-uple 
<r° has here two constraints: <r° +1 = c and cr° • a. e = 0. As in Lemma [2] we can consider this 
(n + l)-uple as a (n — l)-uple <r° = (cr?, . . . , (t°_i) without constraint by putting: 

"o£ = S? (*6 {!,..., n- 1}), 



1 

= I ^2 OH,e&i + C a„-| 



In this way we obtain: 



J = 1 EJ=l/3j(0(n) ■«(»))) «n,e \ '^1 ' Ej=lft'(9(n)'<»(»)i) 



+c - > fta„ +1 ,j— —— a nih - }^ PjOL n ,j , 

\ 3^1 EJ=1 ft (»(») -"(njj) "»,« y EJ=l /%(<?(„) •«(»),, 

"fc,e,3(S°) vcct + "f=,e,3 atf ; 



where 



■uk,e,0{o- ) vect •= 2^ CT i - Z^Pi a i,j^f — 3-7^ r ^ ~ — - Z^^ a «.J^ — 77^ ~ \ 

~t y ~{ T,j=lPi(0(n) y JTj E,=lft(8(n) ■ «(n)j) 

(37) 

and 

a n +i,k - 2 J ft a »+lJvF ^ a ",fc ~ Lft'Si^f S-TTi 

Pi E J = l/3j(0(„) ■ «(n)j) y 22j=lPi(9(n.) -«(n) 

(38) 

Then we define the following equivalence relation 7^/3,0 on the en, 

ot.k 7Zp,e oi.y for all <r° such that s?„j G ,6 

«fc,e,/3 vcct (S ) = Mfe'.e^vect^ ) 
Thus a.k IZ/3,8 ot.y if and only if for all i 6 {1, . . . , n — 1}: 



o 



0(n) ' (<*(n)fc — Q(n)fc') / ^ fl / _ Qj,e \ \ 

E;=iA(e (n) -a (nW ) y^ { ai ' j ~ — e an v ) 



(Qi.fc - a ilk >) - - — {a n ,k - Un,k') ~ -^7 ^~TE ~ ~ I / .Pi I a '>i ~ 7 a ".i ) I = °- 

(39) 
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Notice that J2j=i fij (ctij — ^f; a ",jj = 2jgA e Pi \ ai 'i ~ ^f^ a "<i) ■ In addition, it is impor- 
tant to observe that, although the set of (3 G N r \ {0} such that 7(/3) 7^ is infinite (since here h 
is supposed to be non cyclotomic), the set: 

E := {Pi I j i A e)7 (/3) / 0,S(t(ftp)) > 0} is finite. (40) 

Indeed, since the t((3, p) which could cancel the zeros t m „ are necessarily of positive real 
part, we have 

R[t(P, p)) = „ r \ (a ~ s > 0; 41 

and hence X]j^a Pi( a ° ' OL -i) — ^(p) < 1| which implies that (|40p is a finite set since for all 
j ^ A e , <r° ■ ck.j > 0. Consequently the quantity YljgAe Pi ( a »>J — ~5T j£ ~ an >i) can take on ty finitely 
many values when (3 moves. 

Let us give some precisions concerning the relation IZp^g. 

If we assume that Y^j=i Pi a (n)j 4- Q a (n)e, then there exists i G {l,...,n — 1} such that 
( a 'J ~ ^7 a "-0 ^ and the e q ualit y <H2> is Possible only if 

0(n) ■ (Q(n)fc -«(n)fc') _ ( Ui > k ~ Q '.fc') ~ ItT ( Q "> fc ~ Q ".fc') ^ 

Since the set i ^'' fc " i ' fc '- > ~ ~^"- fc ' Q ^l | /3 G N r \ {0} i is finite by |g0j and (n) ■a (n)i > 

for all j G {l,...,r}, the identity (|42p cannot be satisfied for ||/3|| large enough (i.e. for 
||/3||> -Bo where Bo is an absolute constant) if 0r n \ ■ {cxi^u ~ a Mk') 7^ or (a%,k — oti,k') 

' (a n fc — at n ,k') 7^ because the member on the left is not zero and tends to when ||/3|| tends 
to infinity. 

For ||/3||> B , we have necessarily 8(„)-(a^ n)k ~a^ n)k ,) = and (a itk - <Xi,k>)-^f; (a n ,k - a n ,k''. 
for the indexes i G {1, . . . , n — 1} such that XljgA ft ( ai .i — ^ L ^ a ' l >j) ^ 0- 

For the other indexes i such that X^a Pi ( ai >i ~ 17~^ an >i^ ~ the identity (|39l) also pro- 
vides (ai,k - a it k>) - ^7 (a»»,* - = 0; thus we obtain a (n)fc - G <Q«( n ) e - And if we 
write a (n)k - ot( n)k , = qa {n)e (q G Q), the identity (n) ■ {a (n)k - a (n)fe /) = gives immediately 
9 = since (n) • a (n)e / 0; and hence a (n)k = a ( , l)fc /. 

Now if Y^j=i Pj a (n)j G Q a (n)e, the equality ()39p becomes: 

Vi G {1, . . . , n - 1}, (a,,*, - ttj.v) - (a n ,k ~ a n ,k>) = 0. (43) 
But then (|43p gives ct(„)fc — OL(n)k' £ Qct(n)e- Thus, for /3 large enough (||/3||> Bo), we have: 

{OL( n )k - oc( n )k' G Q ^ a ( n ~>i 
3 = 1 
Oi( n )k - «(n)fc' S QQ(„) e . 

We write [fco] the equivalence class of fco for the relation lZp,e and we consider a set V whose 
elements are a representative of each equivalence class. 

Now if we consider a 1 — ► h ( p - s °-t<J3,p)0i ; p -»° -t(^,/>)8„ jp -cj as a f unc ti on of (n - 1) 

variables /^^^(ct? , . . . (S^-i)! we can write: 
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,W, P (5?,...,^_ 1 ) = 1+ E E a k p- Vk ^- v ^^\p-^o,^K^. 

k ev \ke[k ] J 

where the linear forms Mfc ,e,/3(5"°) vcct are two at a time distinct. 

Lemma 5. We have for \X a j \ < C (j G A e ) (C being the constant defined in Proposition]!^ , the 
following equality: 

[hux)= n (i-x^^y w , 

P€B C 

where the right side converges absolutely, and each 7(/3) is the integral exponent for the factor 
indexed by f3 inside the cyclotomic expansion of h(X) which is given by Provosition [71 page ]6l 

Proof. Firstly put d e = #A e , and note the corresponding set A e = {ji < j% < • • • < jd a }- Then 
we apply Proposition [T] to the polynomial [h] e . For the same constant C defined in © we have 
the absolute convergence of the infinite cyclotomic expansion corresponding to [/i] e (X) whenever 
each |X a ~ j \ < C. Notice that here the product of this expansion is taken on all the /3 G N d " — {0}. 
To each of these we can associate a unique (5 = (/3i, . . . , /3 r ) £ B e such that ji G A e implies 
Pu — Pi, for each i. Consequently, 53^ =1 PjOt-j = Yli=i Pi a -n if /3 G B e . Concerning the exponents, 
we conclude that 

7 (/3) = 7 (/3) for each (3 G B e , 

since the expression of 7(/3) of Proposition[T]page[6]coincides with that of 7(/3) because the f3 G B e 
correspond exactly to the /3 with the reindexation that we have just defined. This completes the 
proof. □ 

Remark 5. Since we suppose here that [W^ >cr o] E and hence that [h] e is cyclotomic, Lemma [S] 
permits to conclude that there is only a finite number of exponents 7 (/3) 7^ such that (5 G B e . 

Now recall a classical result that we will use later and which is a consequence of the Weierstrass 
Preparation Theorem whose proof can be found in [T] : 

Lemma 6. Let f : U — > C be a nonzero holomorphic function defined on an open set U C C n . 
Then the zero locus f~ (0) has empty interior inside C n . 

Now we can state the last lemma which will allow us to finish the proof of Theorem [1] 

Lemma 7. Moving s° [n) G B n 9W C (0) if necessary, for almost all t([3,p) G H Uj7; (i.e. all except 
a finite number): 

h ^p~ s i -t (' 3 ' p > Sl t p~ s ™~'" 3,p ' s " ,p ^ for all prime number p. 

Proof. Firstly, since the j3 G B e such that 7(/3) 7^ are in finite number according to Remark O 
and since the p such that: 

t((3,p) G H„,, 
[0 € Be, 

are necessarily also in finite number, the t((3, p) such that (5 G B e and 7(/3) 7^ are in finite 
number. So it suffices to consider from now on the /3 ^ B e . Now we want to show that moving 
s° n j if necessary, the function / Mll a lP (or°) is nonzero for all p. Write: 



'"fc ,e,3( <T °) 



/ M ,M5?,...,s£_i) = i+ £ E a t „-'' 9 ^""' w - P 

feoev \fee[fe ] / 

where the linear forms Uk ,e,/3(o , °) vect are two at a time distinct. Now prove that no Ufc 0i e il g(3 :0 ) v 
for ko G V is zero for j3 ^ B e large enough. 
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So let ko G V. According to the expression of Uk Q ,e,{3(o' ) vect given in (|37[) , we have 

r OL 

u ko ,eAv°) V cct = 0^a (n)ko -^/3 jQ(n) ( "\ fl (n)k ° r €Qa (n)e . (44) 

Assume that there exists a sequence (/3 m ) me n (/3 m ^ B e ) with ||/3 m || — > +00 when m — > +00 
so that for all m there exists p m such that t(f3 m ,pm) £ 3«,i7 and verifying for all m: 

"(n)fco " E ^i a W3 (n)fc ° g Qa (n)e . (45) 

Since (|40p is a finite set we have: 



lim ==r ^ 7- r = hm 



By passing to the limit inside (|45[) we obtain necessarily a^ n ) ko £ Qa( n ) e . 
Consequently, again by (|45|l . we have that for all m: 



3=1 



Hence there exists q m £ N* such that J^ r =1 /3 mj - £*(„)-,■ = 'i'mS^),,. 
As c £ Z \ {0} we have on one hand: 

°"° ' (Ej-1 Pm.ja.jj = (T( n) • I ^ PmjOC( n) j J + /2 

\J=1 / 3=1 

r r 
3=1 3=1 

On the other hand we know that for all j, cr° • a.j > with a strict inequality for j A e . We also 
know that /3 m ^ B e implies that there exists j ^ A e such that p m j > 0. We deduce that 

/ r \ r 

^ . e^^ = (°-° ■ "-j) = E A»i (r° ■ > °- 

\3 = 1 / 3 = 1 3^Ae 



Consequently we have cr° ■ f Ej-i /3mjCx.jJ > 1. But since t(j3 m ,p m ) £ 3u,?j we must have: 

R(pm)-o-°-(E;=iA»ia-i) 



< K(t(/3 mi/ o m )) 



ELli3mj(0(„) • a-. 



and hence 9?(p m ) > 1; which is impossible and proves that Wfc ,e, l a(5' ) vcct for to £ V is nonzero 
for j3 ^ B e large enough. 

Let us consider now / M ,/3, p (5 : 1 ', . . . , ffn-i) and let us prove that fi*,0,p(&i, ■ ■ ■ , &n-i) ls nonzero 
by moving ct if necessary. 

Firstly, if all the J2ke[k ] akP~ Vk ' a ' l3 '''~ Uk - e - l3 * !! are zero for k £ V, then we obtain that 
fn,p,p(&i, ■ • ■ 1 is a constant function equal to 1 7^ and satisfies the assertion of the lemma. 

Otherwise, there exists at least one fco £ V such that J2ke[k ] a k p~ Vk < e -P-f>~ Uk - e -P*ff / 0. 
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Now prove that for all p and (3 £ N r \ {0} fixed, the function <x i — > f^,/3, p {c^i, ■ ■ ■ ,(?n-i) 
is nonzero; and this in a way to ensure the fact that its zeros define a thin set of R" (i.e. of 
empty interior). It suffices for this to consider </> £ R™~ , for example of components Q-linearly 
independent, so that the Uk ,e,/3(<P) VC ct are ^ w0 a ^ a time distinct for fco £ V. And we put a — t<j>. 
Since Uh o ,e,0(t4>) vect = iu fco ,e,^(</>) vcct we obtain: 



U,eAt4>) = 1 + E E a k p- v ^?-^.<>.0*« exp(-tlog(p) Wfc0 , e ^(^) vect ). 
fc ev \fce[fc ] / 

Then it suffices to use the fact that the functions {t i — > exp (— t log(p)Mfc 0j e,/3(</>) vect ) }fc ev are 
linearly independent since the Ufc 0i e,^(</>) vcct £ K are two at a time distinct; and consequently the 
function t i — >• /^,,/3, p (t</)) is nonzero and the function cr i — >• fy„i3,p^Pi, ■ ■ ■ >&n,-i) i s a l so nonzero. 
Now it suffices to use Lemma [6] to deduce that, since ffj,,/3,p((Ti, . . . , <?«_i) is nonzero, the set 
fZp „(0) is of empty interior inside C n_1 and even inside R n_1 (because any function holomorphic 
on an open set U C C n and zero on U n R" is necessarily zero on U). 

Then we put: 

m U tff>,M 

/3e!r\{o},p,p\(( P )=o 

This set 9K, being a countable union of closed sets of empty interior inside R n_ , is also of 
empty interior inside R n_1 according to Baire's theorem. 

As a conclusion, it is possible to choose cr° ^ 9JI so that the function t i — > Z (s? n ^ +t0( n )) 
admits an accumulation of zeros t m „ CT o inside whithout being cancelled by poles t((3,p); 
which completes the proof of this lemma and the proof of Theorem [T] □ 

4 Proof of Theorem [21 

To prove Theorem[2l we must localize in the previous proof of Theorem [T] the use of the hypothesis 
(H). 

In section [3] we have considered a vector a. e (e £ {1, . . . ,r}) such that ct( n ) e determines the 
polar vector of a face ^"(a( n ) e ) C 9W C (0). Notice that each face of 9W C (0) is determined by a 
polar vector of the form tX( n )j for a certain j; and if in particular <xr n )j £ Qct( n ) e , then the vector 
a.j determines a face of 9W C (0) only if a.j = a. e . And, having fixed this vector a. e , we have 
considered a point s° n ) lying on this face J-(a^ e ) (i.e. such that <r° ■ a. e = and a ■ a.j > 
for all j £ {I, . . . , r}). Then we needed the fact that the vector a. e /, chosen so that <j° ■ cx. e / 
is minimal among the cr° ■ a. J0 > verifying ,» eQa. e } %P _ * T(n) c^.o 6 '"' / 

(see (|28l) page I18[) . verifies the following condition: 

a(n)e' ^ QQ!(n) e - 

It is only to ensure this property that we have used the hypothesis (H) in the proof of Theorem 
[T] Obviously, this condition is not a priori satisfied if we do not assume the hypothesis (H). But 
the result we want to prove here is weaker than Theorem [T] Indeed, we want to prove the fact 
that we cannot translate globally the boundary <9W C (0) until dW c (5) for all 5 < if h is not 
cyclotomic. And consequently the point s?„n is not constrained to stay in a neighbourhood of a 
point of J-"(o!( n ) e ) contrary to the previous section [3] 

In addition, we know according to the hypothesis (0 that the set 

£ e := {a.j j ot(n)j £ e*(„) e } / 0. 
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Now let us prove that it is possible to have a. e / G £ e by moving the point s° n j if necessary on 
the face J r (a(„) e ). 

To begin with, let us consider the quantity <x° • ot.j for all the vectors a.j £ £ e (i.e. such that 
a (n)j G Qa(„)e). For these a.j, there exists qj G Q such that a( n )j = Qj a ( n -j e , an< i consequently: 



< (T ■ a.j = (T (n) ■ tt( n )j + c a n +l,j 

= c (a„+i,j - ^a n+ i, e ) because <x° ■ a. e = <T( n) ■ a (n)e + c a n +i, e = 0. 

Thus we observe that <x° ■ a.j for ay ^ £ e does not depend on (T( n ) G .F(a („),.). Then we put 

e := min a .^ £c (cr° ■ a.j) = min a ^ £e (c(a n+ i, 3 - - ©On+i.e)) > 

(eo does not depend on <T( n ) £ J-"(a( n ) e )). According to the hypothesis ([TJ we know that <9W C (0) 
does not admit only one face because the a.j 7^ a. e such that ctfnjj G Qa(„) e do not define 
any face of 9W C (0). Thus there exists necessarily a vector a.j 1 G £ e such that J^a^^) is a 
face of <9W C (0) of nonempty intersection with J r (a( n j e ). In particular _F(a( n ) e ) n .F(a!(n)ii ) is 
also a face of 9W C (0) of dimension strictly inferior. And the hypothesis ^ ensures the fact 

that X/{j-a --a eQa j ajp _tT (")' OI( ™' i c, 1 ,o e( "'' ct ("W 7^ 0. So for all e > 0, we can find a point 
S( n j G T{a^ n ) e ) verifying (0) such that 

< er° ■ a.jj < e. 

And this is in particular true if e < eo. 

Now, e' being chosen so that er° • a. e > > is minimal among the cr° ■ a.j > verifying 

£{*«.,-«.,„ «=Q«..> aiP"^<"»' a( "»^,o e (")' a <"W ,4 0, we have: 



< e = min Qj .^ £e (<x° -a.j) 



Hence we have necessarily a( n ) e ' ^ Qct(n) e ; which permits to use again the arguments presented 
in the section [3] to prove Theorem [2] □ 

Remark 6. We have to notice that the hypothesis ([T]) is absolutely necessary to ensure as the 
previous argumentation the existence of a direction in which the zeros or poles of Z(si, . . . , s^) 
accumulate. Indeed, consider the following example: h(X, Y,Z) = 1 + XY + X 2 Y 2 Z = 1 + X a 1 + 
X a 2 G Z[X, Y, Z]; where a.i = (1, 1, 0) and a. 2 = (2, 2, 1); and the corresponding Euler product 
(by putting here c = 1): Z{s\,S2) = Y\ v h(p~ B1 1 P~ S2 ,P -1 )- Let us observe in particular t 1 — ► 
Z(s\ n) +te {n) ) with s° = (1,-1,1) G W(0)n{«3 = 1} verifying s° ■ a.i = and = (0i,0 2 ,O) G 
Q s n {6» 3 = 0}. Then we have W^o(X,Y) = I + X s ° ,ai Y e W ai + X s °' a 2 F e (")' a 2 = 1 + 
Y 01+t>2 + XY 20l+2t>2 and W Ml0 .o (p~\ p^) = ft (p^^"* 61 ,p- S2_ ' 92 ,p _1 ) . By taking up again the 

previous notations, the Puiseux series Ml(T o (X ) verifying H^^ofp" , f^o-o (p -1 )) = correspond 
to the branches of 1 + T + XT 2 by putting T := Y° 1+02 . But we check without difficulty that 
there does not exist any branch which verifies |H„ cr o(X)\ < 1 for \X\ small. So there is not 

any accumulation of zeros of t 1 — > h (p~ s °~ tei ,p~ a °~ t92 ,p -1 ^ (necessarily of the form f mittl<r o = 

S ^ iog(p) ? — k>g(p) ' m G ^, P prime) of positive real part in a neighbourhood of 9?(£) = 0. 

Moreover, there is not any accumulation of zeros or poles coming from the factor t 1 — ► 
ri 1 agN'-\{o} C M a (( s (n) + f (n)i c) • a ■ ( /3) for all 8 > 0. Indeed, these zeros or poles are of 

the form: t{(3,p) = 'fJ^Z^g^i = (/3l+ /A +92 ) ■ where Z 3 = G&.#0 e N 2 and p is a 
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zero or a pole of the Riemann zeta function. So if fii > we will have 5ft(t(/3, p)) < 0; hence the 
t(f3, p) of positive real part are such that P2 = 0. But we know (see Lemma [S| that these zeros or 

poles come only from a finite number of ("-factors of I1/3gn'-\{o} G m s (( s (n) + f (n); c) • a ■ t /3) 7< '' 3 ' 
(which correspond to the cyclotomic factorization of the cyclotomic polynomial 1 + Y 9l+ 2 ); and 
consequently these zeros or poles are isolated and do not accumulate in a neighbourhood on the 
right of aW(0). 



5 Proof of Theorem [3]. 

To establish Theorem O it suffices to rewrite the Igusa zeta function under the form of a pseudo- 
uniform Euler product associated to a certain polynomial; and we will check that this polynomial 
satisfies the conditions of Theorem [1] For a% > 1 (i = 1, . . . , n), let us write: 



Z"^(s 1 ,...,s n ;Z[T,T- 1 ]) - V 



But for en > 2 (i = 1, . . . , n), we have: 



ip(mi ■ ■ ■ m n ) 



m\ , . . . ,m n > 1 



n i+ e 



n( i+ ( e £)H)) 



n 

= En 

n / +oo 



p(s»-l) 



n e ^ 



p(s»-i) 
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Consequently, for a% > 2 (i = 1, . . . , n) we obtain: 

Z^( Sl ,...,s n ;Z[T,T-i]) = nfl+m^-^FT 

- nn(i-^) _1 



11 



o(si-l) 



1-1 

p 



(-i) fc 



1 + ^ ^ D (E( ! e/^)- fc + 1 

fc = l /C{1 7l}, P 



Since the finite product of zeta functions ]^[C ( s » — 1) i s nieromorphic to whole C n , it suffices to 



determine the maximal domain of meromorphy of the product: 



n 



i+E E 



(-i) s 



V 



fc=l ;c{i n}, P 

#I=k 



J 



By establishing the change of variable w = s — 1 = (si — 1, . . . , s n — 1), we are led to consider the 
product: 



n 



i+E E 



v 



fc = l IC{l,...,n}, P 
#I=k 



which is equal to: 



with 



Y\Hp w \---,p w ",p 1 ), 



h(x 1 ,...,x n+1 ) = i+ (-i) #/ x aj , 

JC{l,...,n} 

by putting for all I C {1, . . . , n}, a„+u — 1 and for £ G {1, . . . , n}: 

= 1 if ^ 6/ 
a^j = otherwise. 

To finish, we can easily check that h satisfies the conditions of Theorem [T] which completes 
the proof of Theorem [3] □ 
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